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WELL-POISED EMBEDDINGS OF AFFINE ARRANGEMENT VARIETIES
JOSEPH CUMMINGS AND CHRISTOPHER MANON
Abstract. We show that any affine T -variety X of general arrangement type has a well-poised
embedding, generalizing results of Ilten and the 2nd author on rational T -varieties of complexity
1. We use this result to explicitly compute many Newton-Okounkov cones of X, and we give a
criterion for the associated toric degenerations to be normal.
1. Introduction
The correspondence between polyhedral geometry and the algebraic geometry of toric varieties
is one of the great success stories at the interface of algebra, geometry, and combinatorics. There
have been a number of constructions defined for more general varieties which attach polyhedral
invariants to spaces to build on the toric case. In the theory of Newton-Okounkov bodies
([LM09], [KK12], [And13], [KM19]) convex sets are associated to varieties which behave much
like the moment polytope of a projective toric variety. The construction of a Newton-Okounkov
body is closely related to the construction of toric degenerations, and depends on the choice
of a full rank valuation on the field of quotients of a variety. In particular, different choices of
valuation give rise to distinct Newton-Okounkov bodies. Regardless, each Newton-Okounkov
body can be used to compute the degree, and in nice cases, give combinatorial formulas for the
Hilbert function, or presentation information for the coordinate ring. In [KM19], Kaveh and
the second author show that well-behaved choices of valuation are controlled by the tropical
geometry of a variety (see [MS15]).
One can also generalize the class of toric varieties by relaxing the condition that the torus
action on the variety has a dense, open orbit. The complexity c(X) of a variety X equipped with
an effective action by an algebraic torus T is the difference dim(X)−dim(T ). A rich theory which
blends algebraic geometry and convex geometry has been developed for T -varieties ([AH06], [HS],
[HHW19], [IM19]). In this paper we study the tropical geometry and Newton-Okounkov theory
of a special class of T -varieties called general arrangement varieties, see Section 4, and [HHW19].
Let X be a reduced, irreducible affine variety over an algebraically closed field K, and equip X
with an embedding φ : X → An(K) so that X is not contained in any coordinate hyperplane. We
let I ⊂ K[x1, . . . , xn] be the corresponding polynomial ideal, and T n ⊂ An(K) be the canonical
torus. Recall that every point w ∈ Rn defines an initial ideal inw(I) ⊆ K[x1, . . . , xn] (see
[MS15], [CLO15], [Stu96]). Following [MS15], the tropical variety Trop(X◦) ⊆ Rn of the very
affine variety X◦ = X ∩ T n is defined to be the set of those w for which inw(I) contains no
monomials. We say that I, or equivalently the embedding φ : X → An(K), is well-poised if
inw(I) is a prime ideal for all w ∈ Trop(X
◦).
The term well-poised originates in the paper [IM19] by Ilten and the second author, where
it was shown that every normal, rational affine T -variety X with c(X) = 1 has a well-poised
embedding, see [IM19, Theorem 1.2]. The embedding considered in [IM19] is known as the semi-
canonical embedding, and has properties comparable to that of the embedding of an affine toric
variety by a minimal Hilbert basis of its coordinate ring. The main construction of [IM19] allows
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for an explicit computation of any Newton-Okounkov cone or body of X corresponding to a T -
homogeneous full rank valuation. In this way, the results in [IM19] provide a generalization of
the combinatorial equipment available for toric varieties in the rational, complexity 1 case. It is
natural then to ask if these constructions can be carried out for T -varieties of higher complexity.
In this paper we show that this is the case when X is an arrangement variety.
Theorem 1.1. Let X be an affine arrangement variety over an algebraically closed field K, then
X has a well-poised embedding.
Roughly speaking, an affine, rational complexity 1 variety can be defined by choosing a generic
linear embedding ϕ : P1 → Pm, along with a Tm-invariant polyhedral divisor on Pm (see [IM19],
[AH06]). In kind, an arrangement variety can be defined by choosing a generic linear embedding
ϕ : Pc → Pm, along with a polyhedral divisor for c ≥ 1, see Section 4. More generally, if Y is a
projective variety over K, a polyhedral divisor D on Y can be used to build an affine T -variety
X(D) (see Section 2), in this case we say that Y is the base of X(D).
The tropical variety Trop(X◦) can be realized as the support of a set of faces of the Gro¨bner
fan of the ideal I, or more generally the Gro¨bner fan of the homogenization of I, see [MS15].
We say a face C ⊂ Trop(X◦) is a prime cone, if inw(I) is a prime ideal for all w ∈ C (see
[KM19]). In particular, I is well-poised if every one of its faces is prime. In [KM19] it is
shown that prime cones of full dimension (= dim(X)) correspond in a precise way to full rank
valuations on K[X] with Khovanskii basis (see Section 2) equal to the image B ⊂ K[X] of the
generators x1, . . . , xn ∈ K[x1, . . . , xn]. The main technical result we use in the proof of Theorem
1.1 relates the prime cones of a projectively normal embedding ϕ : Y → Pm to the prime cones
of a T -variety built by pulling a torus-invariant polyhedral divisor on Pm back along ϕ.
Theorem 1.2. Let ϕ : Y → Pm be a projectively normal embedding, and let D be a polyhedral
pullback along ϕ of a torus-invariant polyhedral divisor on Pm. Let I be the ideal of Y ◦ = Y ∩TPm
and G be a suitable generating set (see section 3.2). Then a prime cone, C, of Trop(Y ◦) lifts to
a prime cone of X(D) whenever deg(inw(g)) = deg(g) for all g ∈ G and w ∈ relint(C).
Using Theorem 1.2, it is possible to write down combinatorial conditions which ensure that a
T -variety built on top of a normally-embedded well-poised variety is itself well-poised. Theorem
1.1 is then proved by applying this analysis to a linearly embedded projective space. In principle,
these techniques could be applied to any well-poised, projectively normal subvariety of projective
space. See Example 3.14 for the case of the Grassmannian variety of 2-planes. We take this
opportunity to pose the following question.
Question 1.3. Is it possible to find a variety equipped with a well-poised embedding which is
not derived from a linear ideal or the Plu¨cker ideal of Gr(2, n)?
Section 4 focuses on properties of the degenerations of general arrangement varieties obtained
from our construction. A description of the value semigroups and Newton-Okounkov cones of
these degenerations is given in Theorem 4.2 and Corollary 4.3. In Proposition 4.5 we give a
combinatorial classification of the normal toric degenerations arrising from our constriction. In
particular, we give a rule which decides when the value semigroup is saturated. We end the
section by showing that the Cox rings of projectivized cotangent bundles on smooth complete
toric varieties (as in [HS]) are well-poised.
We give an extended example before moving on to the rest of the paper.
Example 1.4. We begin with a linear ideal I ⊆ C[x1, . . . , xn] which does not contain any
monomials; fix a sequence of positive integers (i1, . . . , in) where each ik ≥ 1; and set N =∑n
j=1 ij . Consider the ring homomorphism
ψ : C[x1, . . . , xn]→ C[y1,1, . . . , y1,i1 , . . . , yn,1, . . . , yn,in ]
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given by
xk 7→
ik∏
j=1
yk,j.
Let J = ψ(I). We will prove that X = V (J) is well-poised by realizing that X is an arrangement
variety and X ⊆ AN is its semi-canonical embedding.
Note there is a T = (C×)N−n+1-action on AN which restricts to an effective action on X.
The T -action is described by the matrix below.
F =

Fi1 0 . . . 0 ℓi1
0 Fi2 . . . 0 ℓi2
...
...
. . .
. . .
...
0 0 . . . Fin ℓin

Here Fk is in Zk×(k−1) with
(Fk)ij =

−1 if i = j
1 if i = j + 1
0 else
,
and ℓk ∈ Zk×1 with
(ℓk)i1 =
{
1 if i = k
0 else
.
Then for t ∈ T and p ∈ X, we have
t · p := (. . . , tαj,kpj,k, . . . ) ∈ X
where αj,k is the (i1 + · · · + ij−1 + k)
th row of F . Following the procedure laid out in [AH06,
§11], this induces a split exact sequence of co-character lattices which can be used to compute
the Chow quotient, X  T , which will be denoted by Y , and to compute the polyhedral divisor
D on Y which corresponds to X. By identifying the co-character lattices of T , (C×)N , and
(C×)N T , by ZN−n+1,ZN , and Zn−1, respectively, we arrive at the split exact sequence below.
0 ZN−n+1 ZN Zn−1 0
F
s
P
We have already defined F . The other two matrices are as follows:
P =
i1 i2 i3 in︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ . . . ︷ ︸︸ ︷

−1 . . . −1 1 . . . 1 0 . . . 0 . . . 0 . . . 0
−1 . . . −1 0 . . . 0 1 . . . 1 . . . 0 . . . 0
...
. . .
...
...
. . .
...
...
. . .
...
. . .
...
. . .
...
−1 . . . −1 0 . . . 0 0 . . . 0 . . . 1 . . . 1
.
and s is any matrix so that sF = IN−n+1. The Chow quotient, AN  T , is given by the toric
variety Z(Σ) where Σ coarsest fan which refines all cones P (τ) where τ is a face of the positive
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orthant QN≥0. In this case, Σ is the standard fan for P
n−1; therefore, Y is the closure of the
image of X under the monomial map µP : (C×)N → Pn−1 induced by P which is
(y1,1, . . . , yn,in) 7→
[
1 :
ψ(x2)
ψ(x1)
: . . . :
ψ(xn)
ψ(x1)
]
.
Then Y can be seen to be P(V (I)) ⊆ Pn−1. It follows that X is an arrangement variety whose
polyhedral divisor is
D =
n∑
k=1
∆k ⊗Hk
where Hk := V (xk) ∩ Y is a hyperplane and ∆k := s(QN≥0 ∩ P
−1(ek)). If we analyze each ∆k
further, we realize that each is the Minkowski sum of the convex hull of the columns ck,1, . . . , ck,ik
of s and the tail cone σ which is the preimage of QN≥0 under F .
All of this is to show that X is an arrangement variety, so by Theorem 1.1, the semi-canonical
embedding of X is well-poised, and we claim that it is the one given. Using Proposition 3.3, we
can embed X(D) into an ambient toric variety Z(C) where C is the positive hull of the columns
of the matrix (
s R
P 0
)
where s and P are as above, and R is the matrix whose columns are the ray generators for
the tail cone, σ. In this case, C is smooth, so Z(C) ∼= AN . From here it follows that the
semi-canonical embedding described in Section 3 is the same as the embedding given.
Using techniques from Section 4, we can note a few things about these varieties. Since all
the polyhedra in D are lattice polyhedra, so we can conclude by Proposition 4.5 that every
toric degeneration coming from the tropical variety is normal; hence, X is normal as well. By
Corollary 4.6, we can also say that X is Cohen-Macaulay.
1.1. Acknowledgements. We thank Nathan Ilten, Max Kutler, and Milena Wro¨bel for useful
conversations. The second author was supported by a Simons collaboration grant during this
project.
2. Preliminaries
2.1. Valuations, Khovanskii bases, and prime cones. In this section we introduce the
constructions we will need from tropical geometry and the theory of valuations. For background
on tropical geometry we suggest the book by Maclagan and Sturmfels [MS15]. For background
on Khovanskii bases and prime cones see [KM19], and for the notion of a well-poised ideal see
[IM19].
Let Γ be an Abelian group equipped with a total group order ≺, and let Γ¯ = Γ∪{∞}. Recall
that a valuation v : A → Γ¯ over K is a function satisfying v(fg) = v(f) + v(g), v(f + g) ≥
MIN{v(f), v(g)}, v(0) =∞, and v(Cf) = v(f) for any C ∈ K \ {0} and f, g ∈ A. In this paper
we take Γ = Qr or Zr equipped with the lexicographic order. If A is graded by an abelian group
M , a valuation is said to be homogeneous with respect to M if the value of a general element
of A is always obtained on one of its homogeneous components.
For any q ∈ Γ there is a K-vector space Fq(v) ⊆ A. It is easy to check that if q ≺ q′ then
Fq(v) ⊃ Fq′(v); in this way the spaces Fq(v) form a K-algebra filtration of A. We let
grv(A) =
⊕
q∈Γ
Fq(v)/Fq′ (v)
WELL-POISED EMBEDDINGS OF AFFINE ARRANGEMENT VARIETIES 5
denote the associated graded algebra of v. It is straightforward to check that the properties of
valuations ensure that grv(A) is K-domain.
We let S(A, v) ⊆ Γ denote the set of finite values of v. This set contains 0 and is closed under
the group operation in Γ, so it is referred to as the value semigroup of the valuation v. The rank
rank(v) is defined to be the rank of the subgroup of Γ generated by S(A, v). We say that v has
full rank if rank(v) is equal to the Krull dimension of A as a K-algebra. Under our assumptions
if v is full rank then grv(A) is isomorphic to the semigroup algebra K[S(A, v)]. The convex set
P (A, v) = conv(S(A, v)) is the Newton-Okounkov cone of v. Moreover, if A is positively graded,
one can define the Newton-Okounkov body of v to be ∆(A, v) = conv{ v(f)
deg(f) | v(f) < ∞} (see
[LM09], [KK12], [KM19]). It is known that the Newton-Okounkov body ∆(A, v) carries algebraic
information about A and geometric information about the projective K-variety Proj(A).
A Khovanskii basis ([KM19, Definition 2.5]) is a K-algebra generating set B ⊂ A with the
property that the equivalence classes B ⊂ grv(A) also form a K-algebra generating set. For
example, if v is full rank, then any generating set whose equivalence classes in grv(A) form a
system of semigroup generators of S(A, v) is a Khovanskii basis. If a B ⊂ A is a finite Khovanskii
basis of a full rank valuation v, then ∆(A, v) = conv{ v(b)
deg(b) | b ∈ B}. Moreover, a result of
Anderson [And13] states that in this case, Proj(A) can be degenerated to the a projective toric
variety whose normalization is the toric variety associated to the polytope ∆(A, v).
Let φ : K[x] → A be the map from a polynomial ring on n = |B| variables determined by
B ⊂ A, and let I = ker(φ). Theorem 2 of [KM19] connects valuations with finite Khovanskii basis
B to the structure of the tropical variety Trop(I) of I. First, recall that for any point u ∈ Rn and
polynomial f =
∑
Cαx
α ∈ K[x] there is an associated initial form, inu(f), obtained as the sum
of those monomial terms Cαx
α for which 〈u, α〉 is minimized. For an ideal I ⊂ K[x], the initial
ideal, inu(I) ⊂ K[x], is the ideal generated by the initial forms of the elements of I. For both of
these notions see [MS15] or [Stu96]. A key result of the theory of Gro¨bner bases is that there
are only finitely many initial ideals, and the equivalence classes Cu = {w | inw(I) = inu(I)}
form the relatively open faces of a polyhedral fan Σ(I) in Rn called the Gro¨bner fan. If I is
homogeneous, the fan Σ(I) is complete. In this case, the tropical variety Trop(I) ⊂ Rn is realized
as the set of those u such that inu(I) contains no monomials, and it is known that Trop(I) is
the support of a subfan of Σ(Ih), where Ih is the homogenization of I. The following is [KM19,
Theorem 4].
Theorem 2.1. Let φ : K[x] → A be a presentation with ideal I and let B = φ(x). Let C ⊂
Trop(I) be a relatively open cone of full dimension (= d) such that inu(I) is prime for all
u ∈ C. Then for every linearly independent subset {u1, . . . ,ud} ⊂ C there is a full rank valuation
v : A\{0} → Qd with Khovanskii basis B, such that for any u ∈ C we have grv(A) ∼= K[x]/inu(I).
The cone C is said to be a prime cone because the initial ideal inu(I), which is constant
over u ∈ C, is a prime ideal. To build the valuation v one forms the matrix M with rows
equal to the ui. The matrix M defines a rank d valuation on the polynomial ring K[x] by
sending a monomial xα to the vector Mα ∈ Qr. A polynomial f =
∑
Cαx
α ∈ K[x] is sent to
v˜M (f) =MIN{Mα | Cα 6= 0}, where MIN is taken with respect to the lexicographic ordering
on Qr. The valuation vM : A \ {0} → Qr is then defined to be the pushforward of v˜M :
vM (f) =MAX{v˜(p) | φ(p) = f}
Once again, MAX is taken with respect to the lexicographic ordering on Qr. In this case, the
value semigroup S(A, vM ) can be computed as the Z≥0-combinations of the columns of M .
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2.2. T-Varieties and Polyhedral Divisors. Let T be an algebraic torus with character and
co-character lattices M and N , respectively. Recall that a normal affine complexity k T -variety
is a normal affine variety, X, equipped with an effective torus action, T × X → X, so that
k = dim(X)− dim(T ). Such varieties can be built out of a base variety Y with dim(Y ) = k and
some combinatorial data. The base variety can be thought of as a quotient of X. Together this
information is known as a polyhedral divisor on Y (see [AH06]).
Here we will give a brief introduction to the correspondence between affine T -varieties and
polyhedral divisors. Fix a normal semi-projective base, Y , and a rational pointed polyhedral
cone σ ⊆ NQ := N ⊗ Q. We say a polyhedron is a σ-polyhedron if it can be written as Π + σ
where Π ⊆ NQ is a rational polytope and + denotes Minkowski sum. Then a polyhedral divisor
on Y is a finite formal sum,
D =
∑
i
∆i ⊗Di,
where each Di is an effective Cartier divisor on Y and each ∆i is a rational σ-polyhedron in NQ.
Any polyhedral divisor D gives a piecewise linear map
D : σ∨ DivQ∪∞(Y )
u
∑
i∆i(u) ·Di
where
∆i(u) = minv∈∆i〈u, v〉,
DivQ∪∞(Y ) is the group of finite formal sums of Weil divisors on Y whose coefficients are taken
in Q∪∞, and ∆i(u) =∞ if and only if ∆i = ∅. If for every u ∈ σ∨ ∩M , ⌊D(u)⌋ is semi-ample,
and ⌊D(u)⌋ is big whenever u ∈ relint(σ∨)∩M , we can construct a (possibly non-normal) affine
T -variety
X(D) = Spec
⊕
u∈σ∨∩M
H0(Y,O(⌊D(u)⌋)) · χu.
We note that if each Di is distinct, then X(D) is normal and D is a proper polyhedral divisor
[AH06]. In this paper, we are interested in the case when the base, Y ⊆ Pr, is projectively
normal, and each Di is the sum of the codimension 1, irreducible components of V (xi)|Y . Then,
the positivity conditions amount to checking
∑
i∆i ( σ.
3. Semi-canonical Embeddings of Affine T -varieties
In this section, we introduce the semi-canonical embedding of an affine T -variety under suit-
able conditions. The term semi-canonical is used to align with [IM19] and [IS16]. After intro-
ducing the construction, we give explicit generators of the defining ideal, describe the tropical
variety, and give a sufficient condition for when Trop(X(D)◦) has a prime cone in terms of
Trop(Y ◦).
3.1. Semi-canonical Embeddings. We consider a special class of affine T -varieties. Namely,
the base, Y ⊆ Pr, needs to be projectively normal, Y ∩ TPr 6= ∅, and the polyhedral divisor D
on Y needs to be a polyhedral pullback of some torus-invariant polyhedral divisor Dtoric on Pr.
The notion of a polyhedral pullback of a polyhedral divisor is discussed in [AH06, Definition
8.3(i)], and we review it here in our special case. Let ϕ : Y → Pr be a projectively normal
embedding. Since the image of the generic point of Y is not contained in any toric divisor
by assumption, and any divisor on Pr is Cartier, we can always consider the pullbacks of the
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torus-invariant divisors on Pr along ϕ. Then if Dtoric =
∑r
i=0∆i ⊗ V (xi), we set ϕ
∗
Dtoric =∑r
i=0∆i ⊗ ϕ
∗(V (xi)). We note that since ϕ : Y → Pr is projectively normal that the map
H0(Pr,O(Dtoric(u)))→ H
0(Y, ϕ∗(Dtoric(u)))
given by restriction of sections is surjective whenever deg(Dtoric(u)) ≥ 0.
Definition 3.1. Let M and N the character and co-character lattices of an algebraic torus T ,
and let σ ⊆ NQ be a rational pointed polyhedral cone. We say that a pair (ϕ : Y → Pr,D) is
semi-canonical whenever the following hold.
(1) ϕ is a projectively normal embedding, and the image of Y is not contained in any
coordinate hyperplane.
(2) The polyhedral divisor, D, is a polyhedral pullback along ϕ of
Dtoric =
r∑
i=0
∆i ⊗ V (xi).
(3) Dtoric must be a proper polyhedral divisor, i.e.
∑r
i=0∆i ( σ.
Remark 3.2. If D =
∑r
i=0∆i⊗Di as above, we do not require the Di’s to be distinct; however,
when they are distinct, D must be a proper polyhedral divisor on Y . This is because condition
(3) says Dtoric is a proper polyhedral divisor on Pr, and since semi-amplitude and bigness are
preserved under pullback, D will be a proper polyhedral divisor on Y . On the other hand, if not
all the Di’s are distinct, then the resulting variety, as in Proposition 3.3, will still be irreducible,
but may no longer be normal. We will revisit this in §4.
Given a semi-canonical pair (ϕ,D), we construct the following cone (as in [IM19]) in NQ×Qr:
C(ϕ,D) := Q≥0({∆i × ei}ri=0 ∪ (σ × 0)) ⊆ NQ ×Q
r
where e1, . . . , er is the standard basis and e0 = −
∑r
i=1 ei. As we will prove below, the T -variety
X(D) embeds TN -equivariantly into the affine toric variety associated to C(ϕ,D). We also note
that this makes X(D) into an explicit T -variety as discussed in [HHW19]. We also denote the
coordinate rings of the affine toric variety associated to C(ϕ,D) and X(D) by
R(ϕ,D) := C[C(ϕ,D)∨ ∩ (M × Zr)]
and
S(ϕ,D) :=
⊕
u∈σ∨∩M
H0(Y,O(⌊D(u)⌋))χu,
respectively.
Proposition 3.3. Let (ϕ,D) be a semi-canonical pair, and let C(ϕ,D) be the cone defined
above. Then X(D) embeds TN -equivariantly into the affine toric variety Z(C(ϕ,D)).
Proof. Let C = C(ϕ,D), Dtoric =
∑r
i=0∆i ⊗ V (xi), R = R(ϕ,D), and S = S(ϕ,D). It will
be enough to give a surjective M -graded homomorphism α : R → S. Note R is graded by M ;
therefore, if u is in M and Ru 6= 0, then u is in σ
∨ ∩M . Indeed, if (u, v) is in C∨ ∩ (M × Zr)
and w is in σ, then as σ × 0 ⊆ C, we must have
〈(u, v), (w, 0)〉 = 〈u,w〉 ≥ 0
which means that u is in σ∨ ∩M . Thus, R decomposes as a direct sum over the lattice points
in the dual cone of σ, and for each such u in σ∨ ∩M ,
Ru = C{χ(u,v) | 〈(u, v), (a, b)〉 ≥ 0 for all (a, b) ∈ C}.
8 JOSEPH CUMMINGS AND CHRISTOPHER MANON
We claim that Ru ∼= H
0(Pr,O(Dtoric(u))). Moreover, the claim completes the proof, because
then α can be chosen to be restriction of sections which is surjective in each degree since Y ⊆ Pr
is projectively normal and deg(Dtoric(u)) ≥ 0 for all u in σ
∨ ∩M .
To prove the claim, consider the construction of C. The rays are one of two types: (1) (wij , ei)
where wij is a vertex of ∆i or (2) (ρ, 0) where ρ is a ray of σ. For any u ∈ σ
∨ ∩M and v ∈ Zr,
we have the following:
(u, v) ∈ C∨ ∩ (M × Zr) ⇐⇒ 〈(u, v), (wij , ei)〉 ≥ 0 and 〈(u, v), (ρ, 0)〉 ≥ 0
⇐⇒ vi ≥ −⌊〈u,wij〉⌋ for all i, j and u ∈ σ
∨ ∩M
⇐⇒ vi ≥ maxj{−⌊〈u,wij〉⌋} for all i and u ∈ σ
∨ ∩M
⇐⇒ vi ≥ −⌊∆i(u)⌋ for all i and u ∈ σ
∨ ∩M.
The last line follows since the minimum must be attained at a vertex. Thus, the monomial,
χ(u,v), is in Ru if and only if the lattice point v ∈ Z
r is in the polytope associated to the torus-
invariant divisor Dtoric(u), PDtoric(u) (see [CLS11]). From here, it is straightforward to show that
Ru ∼= H
0(Pr,O(Dtoric(u))). 
Now that we have embedded X(D) in a normal affine toric variety Z(C(ϕ,D)), we can just
as easily embed it into affine space. In order to do this, we need a Hilbert basis H for C(ϕ,D)
which gives us the following map:
π : C[xh | h ∈ H]→ R(ϕ,D)
where π(xh) = χh. This leads us to the main definition of the section.
Definition 3.4. Let (ϕ,D) be a semi-canonical pair, let α be as in the proof of Proposition 3.3,
and let π be as above. The closed immersion induced by α ◦ π,
X(D) →֒ A#H,
is the semi-canonical embedding ofX(D) relative to (ϕ,D). Moreover, the images {α(π(xh)) | h ∈
H} are the semi-canonical generators of the coordinate ring of X(D).
3.2. Ideal Generators. It follows from Proposition 3.3 thatX(D) = V (I˜) ⊆ Z(C(ϕ,D)) where
I˜ = kerα. Throughout the rest of the section, let I ⊆ C[t±1 , . . . , t
±
r ]
∼= C[Zr] be the vanishing
of ideal of Y ◦ := Y ∩ TPr , and let Dtoric =
∑r
i=0∆i ⊗ V (xi). In what follows, we will give a
description of the generating set of I˜ in terms of I. Here is a first pass at a description of I˜.
Lemma 3.5. Let I and I˜ be as above. Then I˜ = 〈g · χ(u,v) | g ∈ I and g · χ(u,v) ∈ R〉. Geomet-
rically, this means that X(D) is the closure of the very affine variety TN × Y
◦ in Z(C(ϕ,D)).
Proof. Suppose g ∈ I and g · χ(u,v) ∈ R. Note that this element is homogeneous and exists in
Ru. Since the divisor Dtoric(u) is supported on the complement of TPr , we see that gt
v must be
a regular function on Y ◦. Moreover, as g is in I, we see that gtv is in I, so the restriction of gtv
to Y ◦ must vanish. Thus, gtv restricted to Y vanishes since Y ◦ is dense in Y . It follows that
α(g · χ(u,v)) = 0, so g · χ(u,v) is in I˜.
For the reverse inclusion, start by taking any M -homogeneous element of I˜, say g · χ(u,v).
Then, we must show that g ∈ I. Note gtv is a global section of O(Dtoric(u)), so it is regular on
TPr since Dtoric(u) is torus-invariant. Then α(g · χ(u,v)) = 0, so gt
v vanishes on all of Y ; thus,
gtv is in I, and since tv is a unit, g ∈ I. 
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Lemma 3.5 gives us some geometric intuition; however, the given list of generators is not finite.
In our next pass at the ideal, we want to distinguish a finite generating set for I˜. We begin with
a generating set G for J := I ∩C[t1, . . . , tr] which contains a reduced Gro¨bner basis with respect
to any term order which refines total degree (see [CLO15] for a definition of a Gro¨bner basis)
and is minimal in the sense that if g is in G, then g/ti is not in J for each i. For each g in G, let
Mg := deg(g) and define the polyhedron Pg ⊆ NQ ×Qr by the following inequalities.
vi ≥ −∆i(u) for all i = 1, . . . , r
r∑
i=1
vi ≤ ∆0(u)−Mg
Let Pg be a C(ϕ,D)
∨-module generating set for the polyhedron Pg. This can be computed
by finding a Hilbert basis of Q≥0(Pg × {1}), taking those members of the basis at height 1,
and projecting them back to N × Zr. With this information, we are equipped to find a finite
generating set for I˜.
Proposition 3.6. The set
S =
⋃
g∈G
{
g · χ(u,v) | (u, v) ∈ Pg
}
is a finite generating set for I˜.
Before proving Proposition 3.6, we need the following lemma.
Lemma 3.7. Let G be as above, and let g =
∑
α∈Zr cαt
α ∈ G. Then (u, v) ∈ Pg if and only if for
each nonzero cα, t
α ·χ(u,v) = χ(u,v+α) ∈ R. In particular, g ·χ(u,v) ∈ I˜ if and only if (u, v) ∈ Pg.
Proof. Suppose (u, v) ∈ Pg and cα 6= 0. Since αi is non-negative and (u, v) ∈ Pg, we have the
following for each i = 1, . . . , r:
vi + αi ≥ vi
≥ −⌊∆i(u)⌋.
Also, since
∑
i αi ≤Mg, we get the other inequality:
r∑
i=1
vi + αi ≤ (⌊∆0(u)⌋ −Mg) +Mg
= ⌊∆0(u)⌋.
Thus, (u, v + α) is in C(ϕ,D)∨ and χ(u,v+α) is in R.
On the other hand, suppose that (u, v + α) is in C(ϕ,D)∨ for each non-zero cα. For each i,
there must exist some αj so that the i
th coordinate is zero. Thus,
vi = vi + (αj)i ≥ −⌊∆i(u)⌋.
Also, there is some α0 so that sum of its coordinates is exactly Mg; therefore,
r∑
i=1
vi + (α0)i ≤ ⌊∆0(u)⌋ ⇐⇒
r∑
i=1
vi ≤ ⌊∆0(u)⌋ −Mg.
Thus, (u, v) is in Pg. 
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Proof of 3.6. We can rewrite the graded pieces of R as follows. Let u be in σ∨ ∩M . Then
Ru = χ(u,0) · gu · C[t1, . . . , tr]≤du
where
du :=
r∑
i=0
⌊∆i(u)⌋ and gu = t
−⌊∆1(u)⌋
1 . . . t
−⌊∆r(u)⌋
r .
Lemma 3.5, tells us that S is contained in I˜, so it suffices to show that S generates the ideal.
The ideal is M -graded, so we only have to show that each homogeneous element of the ideal is
generated by S. To this end, let h ·gu ·χ(u,0) be an element of I˜u where h is in I∩C[t1, . . . , tr]≤du .
Since G contains a Gro¨bner basis for J with respect to a term order which refines degree, we
can decompose h as follows:
h =
∑
g∈G
cgg with cgg ∈ C[t1, . . . , tr]≤du .
This reduces the problem to showing that S generates all homogeneous elements of the form
g · χ(u,v) where g is a member of G and g · χ(u,v) is in R. By Lemma 3.7, (u, v) is in Pg. Since
Pg generates Pg as a C(ϕ,D)
∨-module, we can write
(u, v) = (u′, v′) + (u′′, v′′) with (u′, v′) ∈ Pg and (u
′′, v′′) ∈ C(ϕ,D)∨.
Thus, we have that
g · χ(u,v) = g · χ(u′,v′) · χ(u′′,v′′)
and g · χ(u′,v′) is in S and χ(u′′,v′′) is in R. 
3.3. Tropicalization of Semi-canonical Embeddings. In this section, we will describe the
tropicalization of a semi-canonical embedding. We will also state and prove Theorem 1.2.
Throughout this section, we let (ϕ,D) be a semi-canonical pair, and we let H be the Hilbert
basis of C(ϕ,D)∨ ∩ (M × Zr). We will denote the vanishing ideal of X(D) in C[xh | h ∈ H]
by J(Y ) and denote the vanishing ideal in C[C(ϕ,D)∨ ∩ (M × Zr)] by I˜(Y ). We begin with a
remark.
Remark 3.8. Consider the tropicalization of the extended ideal I˜(Y ) ⊆ C[M × Zr]. This
defines the very affine variety TN × Y
◦ by Lemma 3.5, and moreover, we can conlude that
Trop(TN × Y
◦) = NR × Trop(Y
◦).
Lemma 3.9. Let X(D)◦ := X(D) ∩ T#H. Then Trop(X(D)◦) is the image of NR × Trop(Y
◦)
under the injective linear map
NR × R
r → R#H
given by
v 7→ (. . . , 〈u, v〉, . . . )u∈H.
Proof. We know that X(D)◦ is the image of TN × Y
◦ ⊆ TN × TPr under the monomial map
φ : X(C(ϕ,D)) →֒ A#H. Now Trop(X(D)◦) = Trop(φ)(NR × Trop(Y ◦)) by [MS15, Corollary
3.2.13]. The tropicalization of φ is exactly the linear map given above which completes the
proof. 
Lemma 3.10. Let w ∈ Trop(X(D)◦). Using the linear map above, we view w as a weight on
the monomials of C[M × Zr] or just C[Zr]. Define
Yw = V (inw(I)) ⊆ P
r.
Then Yw intersects the torus of Pr.
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Proof. We need to show that inw(I) does not contain a monomial. If it did, then there would
be some f ∈ I so that inw(f) = t
α, but then
inw(f · χ(u,v)) = t
α · χ(u,v) = χ(u,v+α) ∈ inw(I˜).
This, however, contradicts that w ∈ Trop(X(D)◦). 
We note here that Yw is not found by just taking the initial ideal of the defining ideal of Y in
C[x0, . . . , xr], but rather, we first find the initial ideal of the definining ideal for Y ◦ which lies in
the Laurent polynomial ring C[t±1 , . . . , t
±
r ] and then homogenize. Geometrically, one can think
of this as removing any components of the degeneration that lie in the complement of the torus.
For any w ∈ Trop(X(D)◦), we can compute inw(J(Y )) and ask when it is prime. On the
other hand, we could also compute J(Yw) using the semi-canonical construction and ask when
this ideal is prime. The second question is more feasible, because it is prime whenever Yw is
irreducible as it is the vanishing ideal for TN × Y ◦w in A
#H. Therefore, a sufficient condition for
inw(J(Y )) to be prime is to require that inw(J(Y )) = J(Yw) and for Yw to be prime. In the
following theorem, we say when this can happen, and in such cases, we see that a prime cone of
Trop(Y ◦) lifts to a prime cone of Trop(X(D)◦).
Theorem 3.11. Let (ϕ : Y → Pr,D) be a semi-canonical pair. Fix w ∈ Trop(X(D)◦) so the
following hold.
(1) Yw is irreducible.
(2) There is a generating set G ⊆ I(Y ) as in 3.7, and the w-initial forms of G must generate
I(Yw).
(3) For any g ∈ G, deg(g) = deg(inw(g)).
In this situation, inw(J(Y )) = J(Yw), and it is prime. In particular, the cone in Trop(Y
◦
w)
containing the image of w lifts to a prime cone in Trop(X(D)◦)
Proof. Let w ∈ Trop(X(D)◦). By assumption, Yw ⊆ Pr is irreducible and intersects TPr , so
we are allowed to apply the semi-canonical construction to Yw with the polyhedral pullback of
Dtoric along the embedding of Yw ⊆ Pr. Even if Yw ⊆ Pr is not projectively normal, J(Yw) will
still be prime as it is the kernel of a ring homomorphism whose image lies in an integral domain
since Yw is irreducible.
We will show that inw(J(Y )) = J(Yw). To this end, it is enough to show equality of the ideals
in the semi-group algebra C[C(ϕ,D)∨ ∩ (M × Zr)], so we will show
inw(I˜(Y )) = I˜(Yw).
Our generating set G of I(Y ) ⊆ C[t±1 , . . . , t
±
r ] has been chosen so that inw(G) generates I(Yw).
The crucial observation is that for all g ∈ G, the polyhedra Pg and Pinw(g) are equal since
deg(inw(g)) = deg(g). These polyhedra are all given by the following inequalities.{
vi ≥ −∆i(u) if i = 1, . . . , r∑r
i=1 vi ≤ ∆0(u)− deg(g)
Since both ideals are M -graded, we take a homogeneous element f · χ(u,v) ∈ I˜(Y ) and its
initial form,
inw(f · χ(u,v)) = inw(f) · χ(u,v).
Note that inw(f) must be in I(Yw), so by Lemma 3.5, we see that inw(I˜(Y )) ⊆ I˜(Yw).
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On the other hand, since inw(G) generates I(Yw) and Pg = Pinw(g), we can conclude by
Lemma 3.7 that I˜(Yw) is generated by elements of the form
inw(g) · χ(u,v) with g ∈ G and (u, v) ∈ Pg
which are all w-initial forms of the generators of I˜(Y ); hence, I˜(Yw) ⊆ inw(I˜(Y )). 
The following example illustrates how the final condition of the theorem is necessary.
Example 3.12. Consider the elliptic curve Y = V (x0x
2
2−x
3
1−x
2
0x1), denote the inclusion map
by ι, and and take the polyhedral divisor on Y ,
D =
[
6
5
,∞
)
⊗ ι∗(V (x0)) +
[
−
1
2
,∞
)
⊗ ι∗(V (x1)) +
[
−
2
3
,∞
)
⊗ ι∗(V (x2)).
Then (ι,D) is a semi-canonical pair. In this case G = {t22 − t
3
1 − t1} ⊆ C[t1, t2]. Note that there
are two initial forms which are prime; however, we will show that only one of them gives a prime
cone for Trop(X(D)◦). One computes
J(Y ) = 〈X21X
10
3 −X
6
2X
5
3 +X
6
1 〉 ⊆ C[X1,X2,X3].
There are three maximal cones in the tropical variety, and one can compute there corresponding
initial ideals using
w1 = (−46,−31,−18)
w2 = (10, 7, 4)
w3 = (26, 17, 10).
These were found by taking the rays of the inner normal fan of the Newton polygon for f =
t22 − t
3
1 − t1, appending a zero in the first entry, and passing them through the linear map in
Lemma 3.9. We compute, Ywi , inwi(J(Y )), and J(Ywi) for i = 1, 2, 3.
i Ywi inwi(J(Y )) J(Ywi)
1 V (x22 − x0x1) 〈X
2
1X
10
3 −X
6
2X
5
3 〉 〈X
2
1X
5
3 −X
6
2 〉
2 V (x21 − x
2
0) 〈X
2
1X
10
3 −X
6
1 〉 〈X
10
3 −X
4
1 〉
3 V (x0x
2
2 − x
3
1) 〈X
6
2X
5
3 −X
6
1 〉 〈X
6
2X
5
3 −X
6
1 〉
One sees that inw3(J(Y )) = J(Yw3) is prime, and the other two pairs are not equal, nor is
inwi(J(Y )) prime for i = 1, 2.
Remark 3.13. If Yw is prime but the third condition is not satisfied, then the resulting initial
ideal inw(J(Y )) is not prime because it is not saturated. From the proof, it is not hard to see
that the ideals inw(I˜(Y )) and I˜(Yw) are equal up to saturation by the ideal m = 〈t1, . . . , tr〉 ∩
C[C∨ ∩ (M × Zr)].
Example 3.14. We let Y = Gr(2, n) ⊆ P(
n
2
)−1 be the Grassmanian of 2-planes under the
Plu¨cker embedding, and we let D be the polyhedral pullback along the Plu¨cker embedding of
any torus-invariant proper polyhedral divisor, Dtoric, on P(
n
2
)−1. We claim X(D) is well-poised.
By [SS04], every maximal cone in Trop(Gr(2, n)◦) is prime, so Y is well-poised. Moreover,
we may take G to be the Plu¨cker relations since these polynomials will form a Gro¨bner basis.
Moreover, all the Plu¨cker relations are square-free quadratics; hence, for any g ∈ G and w ∈
Trop(Gr(2, n)◦), we have that deg(inw(g)) = deg(g). By Theorem 3.11, every prime cone of
Trop(Gr(2, n)◦) lifts to a prime cone in Trop(X(D)◦). Finally, since all cones in Trop(X(D)◦)
are of the form NR × τ where τ is a cone in Trop(Gr(2, n)◦), we see that X(D) is well-poised.
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4. Affine general arrangement varieties
In this section, we will begin by showing that affine arrangement varieties always have well-
poised embeddings. Then for each M -homogeneous valuation coming from the tropical variety,
we will compute the value semigroup, give a necessary and sufficient condition for when these
are saturated.
4.1. Affine General Arrangement Varieties are Well-Poised. An affine (general) arrange-
ment variety is an affine T -variety whose base is Pc and whose polyhedral divisor is of the form
D =
r∑
i=0
∆i ⊗ V (ℓi)
where each ℓi ∈ C[x0, . . . , xc]1, and the hyperplanes V (ℓi) form a (general) hyperplane arrange-
ment. Now, we can embed Y = Pc into Pr via the map
P 7→ [ℓ0(P ) : · · · : ℓr(P )]
Using this map, we can find a semi-canonical embedding of X(D). Indeed, if we denote the map
above by ϕ, then D is the polyhedral pullback along ϕ of the polyhedral divisor
∑r
i=0∆i⊗V (xi)
on Pr.
Theorem 4.1. Semi-canonical embeddings of affine arrangement varieties are well-poised.
Proof. The base is well-poised because if Yw ∼= Pc for any w ∈ Trop(Y ◦). We can choose G
to be the circuits of I(Y ) which always satisfies the conditions in 3.11. Finally, every cone
in Trop(X(D)◦) arises as a lift of a cone from Trop(Y ◦), so the semi-canonical embedding is
well-poised. 
4.2. Value Semigroups of Affine General Arrangement Varieties. We begin this sub-
section by describing the value semigroups and Newton-Okounkov cones of semi-canonically
embedded affine general arrangement varieties for the valuations coming from the maximal
cones of Trop(X(D)◦).
Theorem 4.2. Let w ∈ relint(τ) where τ is a maximal cone in the tropicalized linear space
Trop(L) where L = ϕ(Pc) ⊆ Pr. The value semigroup, S(RX(D), vw), is isomorphic to the
following semigroup.
Sw :=
(u, v) ∈M × Zc |
c∑
i=1
vi ≤
∑
j∈I
⌊∆j(u)⌋ and vj ≥ −⌊∆ij(u)⌋ for all 1 ≤ j ≤ c

where I is the set of indices where w is minimized and {i1, . . . , ic} = I
c.
Proof. The base of X(D) is the linear subspace of L ⊆ Pr which corresponds to the general
hyperplane arrangement in Pc given in its polyhedral divisor. The tropicalization of the L is the
Bergman fan of the uniform matroid Uc+1,r+1, so its maximal faces are indexed by subsets of
{0, . . . , r} of size c and are of the form
τi1...ic = Q≥0{ei1 , . . . , eic}
where {ei|1 ≤ i ≤ r} is the usual standard basis and e0 = −
∑r
i=1 ei.
If w ∈ relint(τi1...ic), Lw is cut out by binomials supported on I. Our first observation is that
for any i, V (xi)∩Lw, is a torus-invariant divisor on Lw since Lw is a toric subvariety of Pr and
Lw intersects TPr . Note that V (xij )∩Lw 6= V (xik)∩Lw whenever ij 6= ik since Lw is cut out by
binomials that do not involve any such xij ’s; therefore, the divisors Dj = V (xij )∩Lw constitute
c distinct torus-invariant divisors of Lw. We also have V (xk)∩Lw for k /∈ {i1, . . . , ic} which are
14 JOSEPH CUMMINGS AND CHRISTOPHER MANON
also torus invariant divisors on Lw none of which are equal to the previously listed ones. Thus,
these must all be the same since there are only c+1 torus-invariant divisors on Lw. We will call
this last one D0.
After permuting the coordinates appropriately, we may assume that Di = V (yi) for each
i = 0, . . . , c. Applying the semi-canonical construction to Lw with D, you get the following
algebra. ⊕
u∈σ∨∩M
H0
Pc,O
∑
j∈I
⌊∆j(u)⌋
D0 + c∑
j=1
⌊∆ij (u)⌋Dj

This algebra is easily seen to be C[Sw] which completes the proof. 
The Newton-Okounkov cone, C(RX(D), vw), is the closure of the positive hull of Sw. Therefore,
using Theorem 4.2, we can compute these Newton-Okounkov cones as follows.
Corollary 4.3. The Newton-Okounkov cone, C(RX(D), vw), is isomorphic to(u, v) ∈ (M × Zc)R |
c∑
i=1
vi ≤
∑
j∈I
∆j(u) and vj ≥ −∆ij(u) for all 1 ≤ j ≤ c

where I is the set where w is minimized and {i1, . . . , ic} is I
c.
Now that we have fully characterized these semigroups, it is interesting to ask what properties
these semigroups have. We give a sufficient and necessary condition on the polyhedral divisor
for a value semigroup to be normal. Then as normal toric varieties are Cohen-Macaulay and
the Cohen-Macaulay property is an open condition in flat families, we derive a sufficient (but
not necessary) condition for X(D) to be Cohen-Macaulay. We also give a criterion to check if
X(D) is Q-Gorenstein in this case.
Definition 4.4. Let {∆i} be a collection of rational polyhedra with common tail cone σ. We
will say that {∆i} is admissable if for each u ∈ σ
∨∩M at most one of face(∆i, u) is non-integral.
Here face(P, u) is the face of P on which the linear functional u is minimized.
Collections of admissable polyhedra were studied in [IS16] to study test configurations on
rational complexity 1 T -varieties.
Proposition 4.5. Let w, Sw, and I be as in 4.2. Then Sw is saturated if and only if {∆i}i∈I
is admissable.
Proof. Suppose {∆i}i∈I is not admissable. In this case, there is some u ∈ σ
∨ ∩M so that⌊∑
i∈I
∆i(u)
⌋
−
∑
i∈I
⌊∆i(u)⌋ ≥ 1.
Therefore, there exists some (u, v) /∈ Sw, but
vj ≥ −⌊∆ij(u)⌋
c∑
i=1
vi ≤
⌊∑
i∈I
∆i(u)
⌋
.
There exists a k ∈ N so that ∆i(ku) is integral for each i ∈ I, which forces⌊∑
i
∆i(ku)
⌋
=
∑
i
⌊∆i(ku)⌋.
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It follows that k(u, v) ∈ Sw, so Sw is not saturated.
Conversely, suppose that {∆i}i∈I is admissable. Then for each u ∈ σ
∨ ∩M ,∑
i∈I
⌊∆i(u)⌋ =
⌊∑
i∈I
∆i(u)
⌋
.
Let ∆I be the Minkowski sum of all ∆i with i ∈ I. The right-hand side of the equation above
is the equal to ⌊∆I(u)⌋. Applying the semi-canonical construction to the polyhedral divisor,
D
′ = ∆I ⊗ V (y0) + ∆i1 ⊗ V (y1) + · · ·+∆ic ⊗ V (yc),
yields C[Sw] as the coordinate ring of X(D′). As D′ is a proper polyhedral divisor on Pc, this
ring must be normal, so Sw is saturated. 
Corollary 4.6. Let D =
∑r
i=0∆i ⊗ V (ℓi) be the polyhedral divisor for the affine general ar-
rangement variety, X(D). If there is some I ⊆ {0, . . . , r} with |I| = r − c+ 1 so that {∆i}i∈I
is admissable, then X(D) is Cohen-Macaulay.
Recall that a normal affine toric variety, Z(σ) = Spec(C[σ∨ ∩M ]), is Q-Gorenstein if there
exists a character, χm, and a positive integer, g, so that
div(χm) = g
∑
ρ∈σ(1)
Dρ.
Moreover, Z(σ) is Gorenstein if g = 1. This can be restated as follows: there exists an m ∈M
and g ∈ Z≥0 so that 〈m,uρ〉 = g for each ρ ∈ σ(1) where uρ is the ray generator for ρ. Therefore,
in order to conclude that X(D) is Q-Gorenstein, it suffices to find an admissable collection of
polyhedra of size r − c + 1 so that the resulting affine toric variety is Q-Gorenstein since this
property is open in flat families.
Example 4.7. In this example, we give sufficient condition for a c+1-dimensional affine general
arrangement of complexity c to beQ-Gorenstein. Such a variety is built from a polyhedral divisor
of the form
D =
r∑
i=0
[ai,∞)⊗Hi
with
∑
i ai > 0 and theHi form a general hyperplane arrangement in P
c. Then if there is a collec-
tion of indices, {i1, . . . , ir−c} ⊆ {0, . . . , r}, so that ai1 , . . . , air−c ∈ Z, then X(D) is Q-Gorenstein.
Indeed, let I be any subset of {0, . . . , r} of cardinality r − c + 1 which contains {i1, . . . , ir−c};
then, the collection {[ai,∞)}i∈I is admissable and the corresponding value semigroup, Sw is
saturated by Proposition 4.5. Thus, there is a cone σw ⊆ Q × Qc so that Sw = σ∨w ∩ (Z × Z
r).
By construction, σw is simplicial as it has c+1 rays; hence, Spec(C[Sw]) is Q-Gorenstein which
implies that X(D) is Q-Gorenstein.
We note that these conditions which imply the Cohen-Macaulay property and Q-Gorenstein
property are far from necessary. For example, the du Val singularity, E8, is in fact a Gorenstein
rational complexity 1 T -variety, and its polyhedral divisor on P1 is
D =
[
6
5
,∞
)
⊗ 0 +
[
−
1
2
,∞
)
⊗ 1 +
[
−
2
3
,∞
)
⊗∞.
Here c = 1 and r = 2, and there is no admissable collection of polyhedra of cardinality 2.
Thus, you cannot detect that E8 is Gorenstein by analyzing the value semigroups of its semi-
canonical embedding since each value semigroup is not saturated. We also point out that the
usual presentation, E8 = V (x
2 + y3 + z5) ⊆ C3, is in fact the semi-canonical emebedding. We
ask the following.
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Question 4.8. Given a polyhedral divisor on Pc, D =
∑
i∆i ⊗ Hi, defining an affine general
arrangement variety, is there a necessary and sufficient condition on D to ensure that X(D) is
Cohen-Macaulay or Gorenstein?
Example 4.9 (Projectivization of the cotangent bundle of a smooth toric variety). Let Z(Σ)
be a smooth, complete toric variety. From [HS, Theorem 5.9], we know that the Chow quotient
of P(ΩZ(Σ)) is isomorphic to Pdim(Z(Σ))−1, so they have potential to be arrangement varieties.
They also compute the Cox rings of these varieties. In this example, we will that each of these
Cox rings can be viewed as the coordinate ring of an arrangement variety.
First, we recall how these Cox rings are constructed. Rays in Σ come in two types. If ρ is a
ray, then either −ρ is not a ray or it is. Let L be the set of all such rays of the first type along
with a chosen representative from each pair of the second type. Let Rel(L) denote all tuples
λ ∈ CL so that
∑
ρ∈L λρuρ = 0 where uρ is a primitive ray generator of ρ. Then, the Cox ring
of P(ΩZ(Σ)) is given by
R =
C[Sρ, Tτ | ρ ∈ Σ(1), τ ∈ L]〈∑
ρ∈L λρS
ρTρ | λ ∈ Rel(L)
〉
where
Sρ =
{
SρS−ρ if ρ,−ρ ∈ Σ(1)
Sρ else
.
Consider the map
ψ : C[xρ | ρ ∈ L]→ C[Sρ, Tτ | ρ ∈ Σ(1), τ ∈ L]
given by xρ 7→ S
ρTρ. Then the ideal above is the image of the linear ideal
I =
〈∑
ρ∈L
λρxρ | λ ∈ Rel(L)
〉
From here we can follow the same logic as in the example in the introduction to see that Spec(R)
is a well-poised arrangement variety. Moreover, one can see that it is Cohen-Macaulay and all
its toric degenerations coming from its tropicalization are normal.
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